The objective of this work is to extend the linear analysis of Pulsed Digital Oscillators to those topologies having a Finite Impulse Response (FIR) in the feedback loop of the circuit. It will be shown with two specific examples how the overall response of the oscillator can be adjusted to some point by changing the feedback filter, when the resonator presents heavy damping losses. Extensive discrete-time simulations and experimental results obtained with a MEMS cantilever with thermoelectric actuation and piezoresistive position sensing are presented. It will be experimentally shown that the performance of the oscillator is good even below the Nyquist limit.
where m is the mass of the moveable plate, k is the spring factor, or stiffness, and b is the damping factor. Extensive discrete-time simulations that have been carried out reveal that, in the presence of heavy damping losses, the PDO response becomes fractal and that f D clearly departs from the natural frequency of the resonator, in particular for sampling frequencies close to the Nyquist limit (see Figure 2 ). This last effect is not only due to the presence of the fractal, but also because of the tendency marked by equation (1) .
GENERAL DOUBLE FEEDBACK TOPOLOGY
As it has been mentioned above, the resonator damping losses present a two-fold non-desired effect. First, the response of the oscillator becomes fractal, and second the oscillation frequency can depart from the natural frequency of the resonator. This second effect can be observed in Figure 2 . In order to obtain a reduction of the influence of the damping losses on the PDO performance, a review of the linear analysis which led to equation (1) has been carried out. From this point of view it can be concluded that such reduction could be obtained by adding some digital filtering in the feedback loop. Two different feedback topologies have been proposed in [4, 5] . These topologies can be seen in Figure 3 (the one proposed in [4] is with =1 and that of [5] is with =-1.
The linear analysis of the circuit assumes that the quantization noise samples at the output of the comparator are independent and have a uniform distribution. This is of course not rigorous but it is possible with this approximation to obtain good estimates of the non-linear response of the oscillator, as a function of the sampling frequency and the damping losses of the resonator. It is remarkable that although linear theory requires that F is given a specific value, the presence of the comparator in the actual PDO makes it no longer necessary. It is only an amplification factor whose effect is cancel out by the comparator. On the other hand, with this structure the force pulses applied to the MEMS can take up to three different values {+2F, +F, 0}, for =1, and {+F,0,-F}, for =-1, instead of the two possible values {+F, 0} which are possible with the single feedback architecture. This would represent in principle a difficulty because one of the main advantages of PDO circuits is their simple actuation scheme (short pulses of force, all of the same amplitude), which sheds protection against some non-linearities in actuation usually found in MEMS devices. As it will be shown later, in Section 4, this can be easily overcome by applying pulses of different duration.
One can also follow the lines described in [5] in order to make the analysis of both systems. As opposed to the linear approach described above, this approach is exact; however it does not yield, in the present case, analytical expressions of the oscillation frequency. However, it does yield rigorous bounds on the value of the pulsation of mixed-signal relay feedback systems. This is illustrated in Figure 4 . One can see that, for large oversampling ratios, the PDO with =-1 oscillates at a pulsation closer to the natural pulsation of the system and that the steps in the frequency response become very small. On the hand, as the oversampling ratio drops, the steps become much larger for the =-1 system, whereas they stay roughly the same size for the =1 system. the topology with =-1 provides a better result. It is important to notice, though, that the fractal behaviour still remains, but becomes more evident for the deep over-sampling and deep undersampling ranges.
EXPERIMENTAL RESULTS
The promising perspectives provided by the double feedback architecture about a reduction of the effects of the damping losses on the oscillator performance for some frequency ranges have been checked in a first set of experimental measurements.
Measurements setup
The measurements setup (see Figure 6 ) is basically the same one that was used in recent works [2, 8] resonator comes from the same batch previously described in [2] and it is a cantilever with thermoelectric actuation and Figure 7 .a but for a double feedback topology with =1. We can see there that the MEMS input pulses follow the fixed pattern '12101210 ...' and that the resulting position waveform is the same one as in Figure 7 .a but with a slight amplitude increase. Moreover, the bit stream spectrums corresponding to the single and double feedback cases look exactly the same, providing a peak value at f OSC =93,68 KHz.
Results and discussion
In good agreement with the conclusions of the previous sections, these results tell us that no significant advantages are obtained when the double feedback is applied to the sample ratio f 0 /f S =0,25, which corresponds to a 'perfect' frequency case when working with the single feedback structure. We can also notice that the energy efficiency in the double feedback case is poorer: it provides more energy to the MEMS than in single feedback to obtain the same output response.
Moreover, a closer observation of Figures 8.a and 8 .b reveals that, as it could be expected, the comparator output is identical for both the =1 and =-1 cases: the stable and regular '...1010010100...' bit sequence which corresponds to the sign samples of a sinusoidal waveform with f S 2.5f 0 . Then, for the =1 case a regular '... 111100 ...' time-length input pattern is generated after the feedback loop, while a regular time-length input pattern of the form '... 20201 ...' is generated for the =-1 case. Let us note that these results are in good agreement with the theory shown above.
Finaly, the oscilloscope screen captures included in Figure 10 are examples of how the double feedback topologies work (Figure 10 .a is for =1, while Figure 10 .b is for =-1) for the undersampled and closer to the Nyquist limit case f S =1,23f 0 =115KHz. Nearly sinusoidal waveforms and fair bit stream spectra are obtained for both cases. The spectrum peaks are located around f OSC =93,7 KHz.
CONCLUSIONS
Two different feedback loops for PDO structures have been introduced and analyzed. Simulation results show that the double feedback forces the oscillator to put the oscillation frequency closer to the natural frequency of the MEMS resonator, even in the case of heavy damping factors. Experimental results confirm that the double feedback architecture reduces the influence of the resonator damping losses and it also allows working in wider frequency ranges than the single feedback one. ... 
